Abstract. We show that each real-representable matroid is a minor of a complex-representable excluded minor for realrepresentability.
Introduction
Consider the problem of characterizing the set of excluded minors for the class of real-representable matroids. For many classes, the excluded minors provide a concise characterization; for instance, Tutte [12] showed that a matroid is binary precisely when it does not contain a U 2,4 -minor. In contrast to this, Lazarson [6, Theorem 1] showed that there are infinitely many excluded minors for real-representability. This in itself does not preclude the possibility of a simple structural description. For example, Bonin [2, Theorem 3.1] described the excluded minors for lattice path matroids, despite the fact that the list is infinite.
However, Mayhew, Newman, and Whittle [9] have effectively settled the matter by proving the following striking result. Theorem 1.1. Each real-representable matroid is a minor of an excluded minor for real-representability.
This essentially says that the excluded minors are at least as structurally complex as the real-representable matroids themselves. In hindsight this result may not seem so surprising when we consider that matroids are rather wild in comparison with representable matroids; for example, the number of n-element matroids is 2 below by a polynomial; see [5] and [10] respectively. Surprisingly however, the same issue arises even if we only try to describe the representable excluded minors for real-representability: we prove that even the complex-representable excluded minors are at least as wild as the class of real-representable matroids. Theorem 1.2. Each real-representable matroid is a minor of a complex-representable excluded minor for real-representability.
More generally, one might consider characterizing the excluded minors for real representability within any given minor closed class M. This is of particular interest is when M contains all real-representable matroids, since this would characterize real-representability. We extend Theorem 1.2 by proving that the excluded-minors within any "natural" proper superset M, are at least as wild as real-representable matroids themselves.
Here we say that a class M is natural, when it is closed under minors, isomorphism, adding coloops, direct sums, and "principal extensions" (which are defined in Section 2). Note that the class of real representable matroids is natural, so it is reasonable to only consider supersets that are also closed under these operations.
We prove the following generalization of Theorem 1.2. Theorem 1.3. If F is an infinite field and M is a natural class that properly contains all F-representable matroids, then each Frepresentable matroid is a minor of an excluded minor for Frepresentability that is contained in M.
The original result of Mayhew, Newman, and Whittle also applies to any infinite field [9] . Matúš has further generalized their result to other classes such as the class of matroids that are algebraic over a given field, and the class of almost entropic matroids [8] .
Natural Classes
Let F be a flat of a matroid M. A principal extension of M into the flat F is the matroid M ′ on a ground set E(M) ∪{e} where M ′ \ e = M and a flat F ′ of M ′ contains e precisely when F ′ \ {e} contains F . We say that M ′ is obtained by freely placing e in F or freely placing e when F = E(M).
Recall that a class M is natural when it is closed under minors, isomorphism, adding coloops, direct sums, and principal extensions.
Thus the class of all matroids is natural, as is the set of all matroids representable over a fixed infinite field. Moreover, it follows directly from the definition that the intersections of natural classes are also natural. We now describe three other natural matroid classes.
Gammoids. The class of gammoids (see Oxley [11, page 97 and 109] for a definition) is the smallest natural class. Indeed, Brylawski showed that the class of transversal matroids (see Oxley [11, Algebraic matroids for a fixed field. Let F be a field. A matroid M is algebraic over F when there exists a field extension K of F and a map φ assigning each element e in E(M) to an element φ(e) of K such that r M (X) = dim tr (F(φ(X)) for each X ⊆ E(M), where dim tr is the transcendence dimension over F. We call φ an algebraic representation over F.
The class of matroids algebraic over a field F, is closed under minors and principal extensions; see [11, Corollary 6.7 .14] and [8, Lemma 13] respectively. The class of algebraic matroids is also closed under direct sums (and, hence, also under adding coloops) since we can declare variables from different transcendental extension fields to be algebraically independent.
Preliminaries
We use terminology and notation from Oxley [11] .
N-constructed matroids. For a matroid N, we say that a matroid M is N-constructed if it can be obtained from N by a sequence of the following operations: adding coloops, principal extension, deletion, and relabelling elements.
Consequently, if N is a matroid in a natural class M and M is an N-constructed matroid, then M is contained in M.
Let e be an element of a matroid M. Recall that the series extension of e in M is the matroid M ′ obtained by coextending M by an element e ′ so that {e, e ′ } is a series pair. Proof. Let A 0 and B 0 denote two r(N)-element sets that are disjoint from E(N) and from each other. We extend N by adding the elements A 0 ∪ B 0 freely to obtain the matroid N 1 ; thus A 0 and B 0 are bases of N 1 . Next, we construct N ′ from N 1 by a sequence of series extensions for each element in E(N); we relabel the elements so that, for each e ∈ E(N), the corresponding series-pair in N ′ is {e 1 , e 2 }. Note N ′ has bases A 1 = A 0 ∪ {e 1 : e ∈ E(N)} and B 1 = B 0 ∪ {e 2 : e ∈ E(N)} which partition E(N ′ ), as required.
Transversal matroids. Brylawski [3, Corollary 3.1] showed the following result.
Theorem 3.3. A matroid is a transversal matroid if and only if it is
This result implies that every natural class of matroids contains all transversal matroids and therefore all gammoids.
In a matroid M, we say an element p is freer than an element q, when every subset of E(M) that spans p also spans q. A pair of elements (p, q) is incomparable when there is a set that spans p but not q and a set that spans q but not p. Proof. Suppose that M has no incomparable pair. Then there is an ordering (e 1 , . . . , e n ) of E(M) such that e j is freer than e i whenever 1 ≤ i < j ≤ n. So either M is the empty matroid and hence U 0,0 -constructible, or else M has a freest element e n . Now either e n is a coloop in M or M is obtained by placing e n freely in M \ e n . Note that M \ e n has no incomparable pair so we may inductively assume that M \ e n is U 0,0 -constructible, and, hence, M is U 0,0 -constructible.
Our proof of Theorem 1.3 is based on a construction that starts with an excluded-minor contained in M. However, we cannot take an arbitrary excluded minor; we require a "special" pair of elements that are provided by the lemma below.
If M 1 and M 2 are matroids on a common ground set E, then we say that M 2 is freer than M 1 if r M 2 (X) ≥ r M 1 (X) for each subset X of E. Let a and b be distinct elements of a matroid M and let M ′ denote the matroid obtained from M by adding a new element c into the flat spanned by {a, b}. We denote by M a→b the matroid obtained from M ′ \ a by relabelling c as a. Note that c is freer than a in M ′ and hence M a→b is freer than M.
Lemma 3.5. Let M 1 and M 2 be natural classes of matroids. If M 1 M 2 , then there is an excluded-minor L for M 1 in M 2 with a pair {p, q} of incomparable elements such that L p→q and L q→p are both contained in M 1 .
• |L| is minimum, and • subject to this, L is freest with ground set E(L) (that is, there is no other excluded minor L ′ with ground set E(L) that is freer than L). By Theorem 3.3, M 1 contains all transversal matroids and, by Lemma 3.4, L has an incomparable pair {p, q}. Note that L p→q and L q→p are both L-constructed and hence they are both contained in M 2 . Moreover, both L p→q and L q→p are freer than L. So, by our choice of L, both L p→q and L q→p are contained in M 1 , as required.
Extending into a 3-separation. The local connectivity between two set S and T of a matroid M is
Now, for disjoint sets X, Y , and C in M, we have
which can be easily verified by expanding both sides. We will also use the fact that, if ⊓ M (X, Y ) = 0 and e is spanned by both X and Y , then e is a loop; this follows since
Let (S 1 , S 2 ) be a 3-separation in a matroid M ′ and let M be obtained from M ′ by extending by a non-loop element e into the closures of both S 1 and S 2 . Unlike the case with 2-separations, this does not uniquely determine M. However, under some additional hypotheses, the following result shows that we can uniquely determine M.
Lemma 3.6. Let e be a non-loop element of a matroid M, let (S 1 , S 2 ) be a 3-separation of M \ e, and let
However, e is in the closure of both S 1 − F 1 and Y 2 in M/F 1 . Thus e is a loop in M/F 1 and hence e is spanned by F . By symmetry, if
However, e is spanned by both S 1 − F 1 and S 2 − F 2 in M/F . Thus e is a loop in M/F and, hence, F spans e.
Conversely, suppose that F spans e and hence that e is a loop in M/F . We may assume that e is not spanned by either F 1 or F 2 since otherwise (i) holds. Since e is spanned by
The Construction
In the construction and in all subsequent results in this section,
• L and N are matroids with disjoint ground sets, • (A, B) is a partition of E(N) into two bases, and • p and q are distinct elements of L. We build an (N ⊕L)-constructed matroid M(L, p, q; N, A, B) as follows.
We first build a matroid M 1 (L, p, q; N, A, B) from N ⊕ L by freely placing elements a and b in the flats spanned by E(N)∪{p} and E(N)∪ {q} respectively, then, for each x ∈ A, we freely place an element (a, x) in {x, a}, and, for each y ∈ B, we freely place an element (b, y) in {y, b}.
We then obtain M 2 (L, p, q; N, A, B) from M 1 (L, p, q; N, A, B) as follows: for each x ∈ A and y ∈ B, we delete x and y and relabel (a, x) and (b, y) as x and y respectively. Finally, we let M(L, p, q; N, A, B) = M 2 (L, p, q; N, A, B) \ {p, q}.
First, we will prove that M(L, p, q; N, A, B) contains N as a minor. The main result in this section is the following.
Theorem 4.2. Let F be an infinite field. If (i) L is an excluded-minor for the class of F-representable matroids,
(ii) p and q are an incomparable pair of elements in L such that L p→q and L q→p are both F-representable, (iii) N is an F-representable matroid, and (iv) (A, B) is a partition of E(N) into bases, then M(L, p, q; N, A, B) is an excluded-minor for the class of Frepresentable matroids.
We will start by proving that M(L, p, q; N, A, B) is not Frepresentable.
For this we require the following results. The first of these results gives us some simple structural properties of M(L, p, q; N, A, B).
The following result shows that, if we extend M(L, p, q; N, A, B) by nonloop elements p and q such that p is spanned by both A ∪ {a} and E(L) − {p, q} whereas q is spanned by both B ∪ {b} and E(L) − {p, q}, then we retrieve M 2 (L, p, q; N, A, B).
Lemma 4.4. Let M
′ be an extension of M(L, p, q; N, A, B) by nonloop elements p and q such that p is spanned by both A ∪ {a} and E(L) − {p, q} whereas q is spanned by both B ∪ {b} and E(L) − {p, q}. If {p, q} is an incomparable pair in L, then , q; N, A, B) .
Since {p, q} is an incomparable pair in L, {p, q} is both independent and coindependent and there exist sets
We can now show that M(L, p, q; N, A, B) is not F-representable. Since {p, q} is an incomparable pair in L, {p, q} is both independent and coindependent. We may assume, towards a contradiction, that M is F-representable. Then, by Lemma 4.3, there is an F-representable extension M ′ of M by nonloop elements p and q such that p is spanned by both A ∪ {a} and E(L) − {p, q} whereas q is spanned by both B ∪ {b} and E(L) − {p, q}. By Lemma 4.4, we have N 1 by (N 1 ) e→a and then, for each element e in B, in turn,  replace N 1 by (N 1 ) e→b . Then N 1 = N 2 . Let C 1 = A ∪ {a, p} and C 2 = B ∪ {b, q}. Note that C 1 is a circuit of N 0 and hence also in N 1 . Moreover, since each of the elements of B has been "lifted" towards b, the set C 1 is also a hyperplane of N 2 .
Note that, since C 1 is a circuit-hyperplane, it suffices to show that C 1 is the only cyclic flat of N 2 that contains p but not q. Suppose that F = C 1 is a cyclic flat of N 2 that contains p but not q. Thus F ∩C 2 = ∅. Since F is cyclic and C 2 is a cocircuit, |C 2 ∩ F | ≥ 2. Since q ∈ F , the flat F contains an element b ′ ∈ B. Since each element in B is freer than b in N 2 , we have b ∈ F . Similarly a ∈ F . Now F − {a, b} is a union of cycles in N 2 /{a, b}. However, N 2 /{a, b} = N 0 /{a, b}. Now a is freely placed in the flat E(N) ∪ {p} and {a, p} is a series-pair in N 0 , and hence p is freely placed in N 0 /{a, b}. However, p ∈ F − {a, b}, and hence F − {a, b} contains a basis of B ′ of N. However, B ′ ∪ {a, b} ⊆ F is a basis of N 2 , contrary to the fact that q is not contained in the flat F .
The following result captures the difference between the matroids M(L, p, q; N, A, B) and M(L p→q , p, q; N, A, B). 
. Thus M and M ′ differ in rank on X. Moreover, since L p→q is freer than L, we have that M ′ is freer than M and, hence, r M ′ (X) > r M (X). The pair {p, q} is both independent and coindependent in L since otherwise L = L p→q and hence
For M and M ′ to differ in rank on X it must be the case that L and L p→q to differ in rank on X 1 ∪ {p}. Thus X 2 ) = 0, we have that X does not span q in M ′ or in M. Now the result follows from Lemma 4.6.
We are now ready to prove that proper minors of M(L, p, q; N, A, B) are F-representable. We will, in fact, prove the following more general result. , it follows that, for e ∈ A ∪ {a} and f ∈ B ∪ {b}, the minors M/e and M \ f are contained in M.
We can now prove Theorem 1.3, which we restate here for convenience.
Theorem (Theorem 1.3). If F is an infinite field and M is a natural class that properly contains all F-representable matroids, then each F-representable matroid is a minor of an excluded minor for Frepresentability that is contained in M.
Proof. Let N 0 be an F-representable matroid. By Lemma 3.2, there is an N 0 -constructed matroid N, containing N 0 as a minor, and a partition (A, B) of E(N) into two bases. By Lemma 3.5, there is an excluded minor L for F-representability such that L is contained in M and such that L contains an incomparable pair {p, q} of elements where L p→q and L q→p are both F-representable.
Let M = M(L, p, q; N, A, B). By Lemma 4.1, the matroid M contains N as a minor. By Theorem 4.2, M is an excluded minor for F-representability. Moreover, since N and L are both contained in the natural class M, the matroid M is also contained in M.
Further uses of the construction
We do not know the answer to the following question, but we suspect that the answer is negative for certain choices of M 1 and M 2 .
Question 5.1. Let M 1 and M 2 be natural classes with M 1 M 2 . Is it true that each matroid in M 1 is a minor of an excluded minor for
The construction in the previous section brings us close to a positive answer.
Consider a matrtoid N 0 in M 1 . By Lemma 3.2, there is an N 0 constructed matroid N, containing N 0 as a minor, and a partition (A, B) of E(N) into two bases. By Lemma 3.5, there is an excluded minor L for M 1 that is contained in M and such that L contains an incomparable pair {p, q} of elements where L p→q and L q→p are both contain in
. By Lemma 4.1, the matroid M contains N as a minor. Since N and L are both contained in the natural class M 2 , the matroid M is also contained in M 2 . Moreover, by Theorem 4.8, each proper minor of M is contained in M 1 . The only additional property that we require is that M is not contained in M 1 .
Let us review the argument used to prove that M ∈ M 1 when M 1 is the class of matroids represented over an infinite field F. Let S 1 = E(L) − {p, q}, S 2 = A ∪ B ∪ {a, b}, Y 2p = A ∪ {a} and Y 2q = B ∪ {b}. By Lemma 4.3, (S 1 , S 2 ) is a 3-separation in M and ⊓ M (S 1 , Y 2p ) = ⊓ M (S 1 , Y 2q ) = 1. We proceed by way of contradiction, supposing that M is F-representable. Thus there is an F-representable matroid M ′ obtained by extending M by two non-loop elements p and q such that p is spanned by both S 1 and Y 2p and q is spanned by both S 1 and Y 2q ; this is the key step where representability plays its crucial role.
Since p and q are incomparable in L, there exist sets Y 1p and Y 1q such that Y 1p spans p but not q whereas Y 1q spans q but not p. Note that ⊓ M (Y 1p , S 2 ) = ⊓ M (Y 1p , Y 2p ) = 1 and that ⊓ M (Y 1q , S 2 ) = ⊓ M (Y 1q , Y 2q ) = 1. By Lemma 3.6, there is a unique way to extend M by non-loop elements p and q so that p is spanned by both Y 1p and Y 2p and q is spanned by both Y 1q and Y 2q . Thus M ′ = M 2 (L, p, q; N, A, B). However, this contradicts the fact that M ′ is F-representable. To extend this to other choices of M 1 , we require that, if M ∈ M 1 , then there exists a matroid M ′′ in M obtained by extending M by non-loop elements p and q such that p is spanned by both Y 1p and Y 2p and q is spanned by both Y 1q and Y 2q . We will impose this condition artificially.
Let e be a non-loop element in a matroid M. We say that M is a pinned extension into a 3-separation of M \ e if there is a 3-separation (S 1 , S 2 ) and sets Y 1 ⊆ S 1 and Y 2 ⊆ S 2 such that ⊓ M \e (Y 1 , S 2 ) = ⊓ M \e (S 1 , Y 2 ) = 1 and e is spanned by both Y 1 and Y 2 .
The above discussion is summarized in the following result. Note that, by Lemma 3.6, if M is a pinned extension into a 3-separation (S 1 , S 2 ) and Y 1 and Y 2 are the sets that "pin" e, then M is uniquely determined by M \ e, (S 1 , S 2 ), Y 1 , and Y 2 . Therefore, the intersection of two classes that are both closed under pinned extensions into 3-separations will also be closed under pinned extensions into 3-separations.
